
 The principal ideal theorem
In this section we assume all rings are Noetherian

Question If I a an how does codim I compare to n
Even more basic What's codim a We can easily find
the codimension of primes countained in principal ideals

Chaim Any prime P properly contained in a proper principal
ideal x hascodimensionO

PI Suppose Q E PE x with Q prime Then MQ is a
domain so WLOG assume Q O and R is a domain

If yeP then y ax some a but x P so a cP

Thus P xp I b P O for some be x R is a
domain so b I a contradiction D

Krull's principal ideal theorem extends this to primes minimal
over principal ideals

l principa.ua Wrm tf x cR and P is minimal among
primes containing then codimPEl

This proof is a little more subtle and requires a bit of



background First we state a corollaryabout primesminimal
over a given ideal that can be concluded from results we
proved about Artinian rings

Corollary Let 12 beNoetherian and IER are ideal let P be
a prime containing I The following are equivalent
a P is minimal among primes containing I

b RP Ip is Artinian

c Pp E Ip in Rp for all h O

PI See Eisenbud Cor2.19 follows from theorems we proved at
the beginning of the semester

For the proof of the PIT we need one more tool symbolic
powers of ideals

Def let QER beprime The insymbolipower of Q is

Qu Q RoAR re R sre Q for some so R Q

Clearly Q E Q E Q and Q o QQ exercise

In nice casesthis equality holds
but not always



Ex let R y zz and P G Z which is prime in R
Then yetP but xy z e P Thus x c P but x p

Pwotincipalin let x c R P minimal among
primes containing x We'llshow that if QEP is prime then

dimRo 0 so codmQ O This shows codimpEel

Since codim P wdimRpp we can assume this local and P is
maximal

Since P is minimal over x the above corollary says that
x is Artinian thus the chain

x Q2 x Q 2 x t Q

stabilizes at somepoint Say x Qu x Q

Then QQ x Qu so for f c Q we can write

f ax g with geQut

ax f g c Q EQ
ax b c Q someb cR Q x Q by minimality of P

so xb c R Q ae Q

Thus Q x Q t t The reverse inclusion is obvious so



Q x Q Q

Thus in R
Q QI h

so Nakayama says

Q 0 i e
h cut

Thus in Ra we have QQ QQ which by
Nakayama says that Qa 0

By the corollary above this implies Ro is Artinian and thus
has dimension O D

We can now use this as the base case for an induction
involving primes minimal over a finitely generated ideal

Thx If x Xc C R and P is minimal among primes
containing x xc then codimPEC

PI Again codimp dimRp So we can assume R is local
w maximal ideal P

By the above corollary P E x Xc for us 0

let P be a primes t PDP with no prime in between

We'll show that P is minimal over an ideal generated by
c l elements By induction codimP E c l and we're



done

By minimality of P P cannot contain all the Xi WLOG

assume x CtPi Thin P is minimal over Pi Xi W

P is nilpotent in p x and inparticular the Xi are

Thus There is some n O s.it for each i c 2 so we can find
aiER yicP s t

Xin aix tyi

We want to show that P is minimal among primescontaining
ya yo

Since P is nilpotent mod x xn P must be nilpotent
mod Xi Yz yo Thus by the Principal ideal theorem
the image of P in Rhyz yo has codimension at most
one Thus the image of P in Rhys yo has codim 0
and we're done D

This immeditely gives us a descending chain condition for prime
ideals in a Noetherian ring

Cori 1 et P be a prime ideal in a Noetherian ring Then any
strictly decreasing chain of prime ideals



P P 7127
has finite length bounded above bythe number of generators
of P

In particular since Xi ok EKG xD has descending chain
xi xc 7Caz xc Xc 2,0 we know its codim
is ZC The above gives us an upper bound so we get

Gov The ideal x x E REX xn has codimension c

This doesn'tquitesufficeyet to completethe dimensionof the
polynomial ring though we will be ableto soon

There is a partial converse to the PIT

Cer If P is a prime of codimension c thin P is minimal
over an ideal generated by c elements

Rf By induction for 0 Er CC we can choose Xi Xr EP to

generate an ideal of codunsion r

The base case is r O Any prime of codimension 0 is certainly
minimal over 0

let Q Qu be the minimal ideals contained in P There are



onlyfinitely many as these are all associated primes of 0 of
which there are finitely marry in a Noetherian ring

By prime avoidance Pt U Qi so F x c P not in any Qi

Then Phx has codimE c l All the chains of maximal length in
P must end w a minimal prime So by induction Phx is

minimal over an ideal generated by at most c l elements
let xz xD be lifts of these elements in P

Then P is minimal over Xi xd w DEC But
c codimP E d so d C as desired D

Recall that using primary decomposition we were able to show
that if R is a Noetherian domainthen

R is a UFD everyprimeideal minimal overa principal ideal is principal

This along w the PIT leads to thefollowing corollary

Lor let R be a Noetherian domain If every codimension 1

Prime of R is principal then R is a UFD

PI If P is a primeminimal over a principal ideal then
it has codim 0 or I If it has cod in O P O



If it has codim I it's principal and we're done D


